Abstract. Let B(H) denote the algebra of operators on a Hilbert H. If A j and B j ∈ B(H) are commuting normal operators, and C j and D j ∈ B(H) are commuting quasi-nilpotents such that
Introduction and notation
For a Banach space operator T , T ∈ B(V), the kernel T −1 (0) and the range T (V) are said to have a k-gap for some real number k ≥ 1, denoted T −1 (0)⊥ k T (V), if y ∈ T −1 (0) =⇒ ||y|| ≤ kdist(y, T (V))) [9, Definition] . A subspace M of the Banach space V is said to be orthogonal to a subspace N of V, in the sense of G. Birkhoff and R. C. James (see [11, p. 93] ), if ||m|| ≤ ||m + n|| for all m ∈ M and n ∈ N. This asymmetric definition of orthogonality coincides with the usual definition of orthogonality in the case in which V = H is a Hilbert space. A 1-gap between T −1 (0) and T (V) corresponds to the range-kernel orthogonality for the operator T in the sense of [1, 2] . The following implications are straightforward to see:
where T (V) denotes the closure of T (V) and asc(T ) denotes the ascent of T . A k-gap between T −1 (0) and T (V) does not imply that T (V) is closed, or even when T (V) is closed that V = T
−1 (0) ⊕ T (V) (see for example [1] , [2] and [21] ). AB (0) ⊥ δ AB (B(H)) (see [1] , [7] , [17] and some of the references cited there). This orthogonality extends to the elementary operator AB ∈ B(B(H)), AB (X) = AXB − X. Cyclic subnormal operators A, B ∈ B(H) do not satisfy the property δ −1 H) ) for a cyclic subnormal operator A [17] , and this orthogonality fails in the absence of the hypothesis that the subnormal A is cyclic [12] . Observe that cyclic subnormal operators are essentially normal, which implies that π(A) is a normal operator (whenever A is a cyclic subnormal), where π denotes the Calkin map. Since an operator X ∈ B(H) in the commutant of a cyclic subnormal operator is subnormal [24] , and since ||X|| = ||π(X)|| for a subnormal operator X, it is seen that δ −1
. We generalize this argument to prove a result (see Theorem 3.4 infra) which not only subsumes a number of the extant results on the range-kernel orthogonality of the operators δ AB and AB but also leads to some new ones. Our principal objective in this note is to study the range-kernel orthogonality of the operators δ AB and AB under perturbation by suitable quasi-nilpotents. For this we consider the elementary operator E AB (X) = A 1 XA 2 + B 1 XB 2 , where A = (A 1 , A 2 ) and B = (B 1 , B 2 ) are commuting tuples of normal operators. We prove that if C j , D j are quasi-nilpotent operators in B(H) such that (the commutators)
, where H 0 (E AB ) denotes the quasi-nilpotent part of the operator E AB .
In the following d AB shall denote either of the (already introduced) operators δ AB and AB . For an operator T ∈ B(V), we shall denote the spectrum, the point spectrum, the approximate point spectrum, the surjectivity spectrum, the isolated points of the spectrum and the spectral radius of T by σ(T ), σ p (T ), σ a (T ), σ su (T ), isoσ(T ) and r(T ), respectively. Recall that T is normaloid if r(T ) = ||T ||. The commutator AB − BA of A, B ∈ B(V) will be denoted by [A, B] . The operator T ∈ B(V) is said to be Fredholm if T (V) is closed and both the deficiency indices dim(T −1 (0)) and co-dim(T (V)) are finite, and then the index of T is defined to be ind(T ) = dim(T −1 (0)) − co-dim(T (V)). The essential spectrum σ e (T ) of T is the complement in C (= the set of complex numbers) of the Fredholm set of T . The ascent of T , asc(T ), is the least non-negative integer n such that
and
there exists a sequence {x n } ⊂ V and δ > 0 for which
We note that H 0 (T − λ) and [19] .
We shall be making but a passing reference to the concepts of a decomposable operator, Bishop's property (β), the decomposition property (δ), and the singlevalued extension property. The interested reader is referred to the monograph [18] for information on these concepts. The operator T ∈ B(V) is a generalized scalar operator if there exists a continuous algebra homomorphism Φ : C ∞ → B(V) for which Φ(1) = I and Φ(Z) = T , where C ∞ (C) is the Fréchet algebra of all infinitely differentiable functions on C (endowed with its usual topology of uniform convergence on compact sets for the functions and their partial derivatives) and Z is the identity function on C (see [5] and [18] ).
Elementary operator
, is said to be hermitian if the numerical range of H is a subset of the set R of real numbers (equivalently, if
is normal, and it follows from [13, Theorem A] that δ
. The normality of A 1 and A 2 is not sufficient to guarantee the normality of A 1 A 2 (see [9, Example 2.1]), and an argument similar to that for the case δ A 1 A 2 cannot be applied to conclude that 
, and hence that
(B(H))). We have proved the following proposition (see [1, 2, 7, 9, 16, 17, 22] ).
Proof. There exists a Hilbert space H and a * -isometric isomorphism ψ :
(0), and
Recall from Kittaneh [17] that if A ∈ B(H) is a cyclic subnormal operator, then δ −1 H) ). This orthogonality fails in the absence of the hypothesis that A is cyclic [12] . For the elementary operator AA , we have the following corresponding result. 
Proposition 2.3. If A is a cyclic subnormal operator, then to each
Proof. Since the operators π(A 1 ) and π(A 2 ) are normal elements of the C * -algebra C, Corollary 2.2 applies.
Theorem 2.4 applies in particular to operators
. Such operators satisfy the Putnam-Fuglede commutativity property: [8] ). Following an argument similar to that leading to the statement of Proposition 2.1, it is seen that d
(B(H))). Theorem 2.4 says more. Let

S = {T ∈ B(H) : ||π(T )|| = ||T ||}.
Examples of operators T ∈ S are provided by hyponormal operators (|T
, and paranormal operators (||T x|| 2 ≤ ||T 2 x||||x|| for every x ∈ H) which have no eigenvalues of finite multiplicity. (Indeed, every normaloid T ∈ B(H) such that T has no eigen-values of finite multiplicity is in S, for the reason that for such an operator boundary σ(T ) ⊆ σ a (T ) = the left essential spectrum of T (see [6, 1.8 
.11 Proposition]), and hence ||T || = r(T ) = r(π(T )) = ||π(T )||.)
Corollary 2.5. If A 1 , A 2 ∈ B(H) are essentially normal operators, then:
(i) to each non-trivial
. The operators A 1 and A 2 being essentially normal, it follows from an application of Theorem 2.4 that
(0). The proof of (i) follows if we set k = ||π(X)|| ||X|| . Evidently, k = 1 is independent of X in the case in which X ∈ S; this proves (ii). (0) is subnormal (and hence in S) by a well-known result of Yoshino [24] . Recall that
(A p-hyponormal is qhyponormal for every 0 < q ≤ p (see [23] and [10] ), and we may assume without loss of generality that p = 2 m−1 for some natural number m.)
It is worth mentioning at this juncture that p-hyponormal operators belong to the set S. To see this, recall that p-hyponormal operators are normaloid and to each p-hyponormal operator A there corresponds a hyponormal operatorÃ such that σ e (A) = σ e (Ã) and ||A|| = ||Ã|| [10] , which implies that ||π(Ã)|| = ||π(A)|| = ||Ã|| = ||A||.
Perturbed elementary operator E AB
Let A = (A 1 , A 2 ) and B = (B 1 , B 2 ) be commuting tuples of normal operators in B(H), and let C j , D j be quasi-nilpotent operators in B(H) such that (B(H) ). But before that we give a simple proof of the following known result (see [9, 16, 22] ). 
where 22 is invertible, the norm of the jr-th entry in the above matrix is ≥ ||x jr ||, which (see [3] ) implies that the norm on the right-hand side in the above equality is ≥ 
Proof. The proof of part (ii) follows from part (i), via an application of Lemma 3.1 and Corollary 3.3; we prove part (i).
Let L E and R E ∈ B(B(H)) denote, respectively, the operator of left multiplication by E, L E (X) = EX, and the operator of right multiplication by [5, 4.3.8 Lemma] that the sum of two commuting quasi-nilpotent operators, also the product of two commuting operators one of which is quasi-nilpotent, is quasi-nilpotent. Since [L E , R F ] = 0, and since the operators L E and R E are quasi-nilpotent whenever E is quasi-nilpotent, the operator Φ is quasi-nilpotent, which implies that lim n−→∞ ||E n AB (X)|| 1 n = 0, and hence that X ∈ H 0 (E AB ). The operators A j and B j , j = 1, 2, being normal, the operators
and R B 2 , are commuting generalized scalar operators with two commuting spectral distributions. Hence The fact that E AB is a generalized scalar operator (in particular, a decomposable operator [18, p. 97] ) has a number of consequences. We describe just one such consequence below.
As a decomposable operator, E AB satisfies both Bishop's property (β) and the decomposition property (δ). In particular, both E AB and the conjugate operator E * AB have the single-valued extension property [18, Theorem 2.5.19] and σ(E AB ) = σ a (E AB ) = σ su (E AB ) [18, Proposition 1.3.2] . Furthermore, isolated points of σ(E AB ) are poles of the resolvent of E AB . This is seen as follows. If λ ∈ isoσ(E AB ), then (see [19] and [15] )
which since E AB − λ is (again) generalized scalar implies that
for some integer p ≥ 1 [5, 4.4. H) ) at every λ ∈ isoσ(E AB ). In the particular case in which λ = 0, one may take p = 1. Can this be done for a general 0 = λ ∈ isoσ(E AB )? An affirmative answer here would imply the Putnam-Fuglede property (E AB − λ) −1 (0) = (E A * B * − λ) −1 (0) for E AB − λ at every λ ∈ isoσ(E AB ).
